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Two-dimensional tight-binding models for quasicrystals made of plaquettes with commensurate
areas are considered. Their energy spectrum is computed as a function of an applied perpendicular
magnetic field. Landau levels are found to emerge near band edges in the zero-field limit. Their
existence is related to an effective zero-field dispersion relation valid in the continuum limit. For
quasicrystals studied here, an underlying periodic crystal exists and provides a natural interpretation
to this dispersion relation. In addition to the slope (effective mass) of Landau levels, we also
study their width as a function of the magnetic flux and identify two fundamental broadening
mechanisms: (i) tunneling between closed cyclotron orbits and (ii) individual energy displacement
of states within a Landau level. Interestingly, the typical broadening of the Landau levels is found
to behave algebraically with the magnetic field with a nonuniversal exponent.
PACS numbers: 71.23.Ft,71.70.Di,73.43.-f
I. INTRODUCTION
Due to translational invariance either in the contin-
uum or in a periodic crystal, electrons are characterized
by a dispersion relation giving the energy as a function
of a conserved wave vector. In the presence of a mag-
netic field B perpendicular to a two-dimensional (2D)
system, the electrons classically follow iso-energy trajec-
tories called cyclotron orbits. If the dispersion relation is
such that it admits closed cyclotron orbits, the latter are
quantized into discrete energy levels [1]. The quantized
cyclotron orbits are known as Landau levels (LLs) and
have a macroscopic degeneracy BA (in units of the flux
quantum) reflecting the translational invariance, where
A is the sample area [2].
This macroscopic degeneracy can be lifted by different
mechanisms leading to a broadening of LLs into Lan-
dau bands. First, a weak disordered potential of stan-
dard deviation v produces a LL width that behaves as
v
√
B, as shown by Ando [3]. Second, the degeneracy
can be lifted by applying a periodic (cosine) potential
of strength V0 and period a. Using first-order degen-
erate perturbation theory, Rauh [4] has shown that the
LL width behaves as V0e
−pi/(2Ba2) (see Appendix A). A
third situation occurs in the case of a periodic crystal
described by a tight-binding model. There, it is known
from the Hofstadter butterfly [5], i.e., the energy spec-
trum versus magnetic field, that LLs are broadened by
the presence of the underlying periodic potential. In an
elegant semiclassical analysis, Wilkinson [6] has shown
that this broadening is due to tunneling between quan-
tized cyclotron orbits (see Appendix B). The width be-
∗ fuchs@lptmc.jussieu.fr
† remy.mosseri@upmc.fr
‡ vidal@lptmc.jussieu.fr
haves as
√
f e−c/f , where the coefficient c can be obtained
from a semiclassical Wentzel-Kramers-Brillouin (WKB)
calculation, and f = BAp is the dimensionless magnetic
flux per plaquette of area Ap.
We have recently computed the Hofstadter butterfly
for a quasiperiodic tiling (Rauzy tiling) and also for a ran-
dom tiling [7]. In both cases, LLs have been found near
band edges and at low magnetic field. From the above
discussion, it may appear as a surprise that LLs are also
present in cases where translation invariance is absent
and no dispersion relation stricto sensu exists for B = 0.
It is well known that LLs survive a small amount of disor-
der, but here the nonperiodicity is strong. In the present
paper, we extend this study by considering other qua-
sicrystals (octagonal and Penrose tilings) described by
tight-binding models. We compute their Hofstadter but-
terfly and study the emergence of LLs focusing on their
slope and their broadening. For simplicity, we consider
quasicrystals made of plaquettes with commensurate ar-
eas. They are obtained by modifying the projection di-
rection in the standard cut-and-project (CP) method [8–
10] used in the construction of quasicrystals. For brevity,
and to distinguish them from the original quasicrystals,
we call them “commensurate quasicrystals”1. In this
case, the only source of irrationality in the problem is the
one related to quasicrystalline order. For such commen-
surate quasicrystals, the Hofstadter butterfly is periodic
with the magnetic flux.
In the present work, we focus on the small-field limit
where we show that LLs are generically present in
quasiperiodic tight-binding models. Indeed, in the con-
1 These commensurate quasicrystals have perfect long-range order
and are no less quasicrystalline than the original ones. The ad-
jective “commensurate” only refers to the fact that the ratios of
their plaquette areas are rational numbers.
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2tinuum limit, i.e., close to the band edges and in the
zero-field limit, a quasicrystal may be described by an
effective dispersion relation (which can be related to an
underlying periodic crystal for the case of commensurate
quasicrystals). This dispersion relation explains the ex-
istence of closed cyclotron orbits and, consequently, the
emergence of LLs, their effective mass, their degeneracy
and their Wilkinson-type of broadening due to quantum
tunneling. For commensurate quasicrystals, the nonpe-
riodic nature of the solid appears as a perturbation on
top of the effective periodic crystal. This perturbation
produces an algebraic broadening that dominates over
Wilkinson’s mechanism in the vanishing f limit. The
main result of our study is that LLs broaden algebraically
with a nonuniversal exponent.
The article is organized as follows. In Sec. II, we in-
troduce tight-binding models for various 2D quasicrystals
and compute their Hofstadter butterfly. Then, we numer-
ically extract the slope and broadening of LLs (Sec. III).
Next, we propose an explanation for the surprising emer-
gence of these LLs in quasiperiodic solids and relate their
slope to an effective mass (Sec. IV). In Sec. V, we in-
troduce models that interpolate between periodic lat-
tices and quasicrystals and study the evolution of the LL
broadening as a function of an interpolation parameter.
II. HOFSTADTER BUTTERFLY OF
QUASICRYSTALS
In this section, we introduce 2D tight-binding models
on quasiperiodic tilings. More specifically, we consider
tilings made of plaquettes with rational areas, such as
the commensurate version of the Rauzy tiling [11], of the
octagonal (or Ammann-Beenker) tiling [12] and of the
Penrose tiling [13]. We also consider a random tiling ob-
tained from the commensurate Rauzy tiling by phason
flips (geometric disorder) [7]. We then numerically diag-
onalize the Hamiltonian of these tight-binding models for
each flux compatible with periodic boundary conditions
(PBC) in order to obtain the energy spectrum as a func-
tion of the applied perpendicular magnetic field, known
as a Hofstadter butterfly (see Ref. [7] for details).
There are several reasons for considering quasicrystals
made of commensurate plaquettes, rather than the orig-
inal quasicrystals. The main one is that it disentangles
the effects coming from incommensurate plaquettes from
those that are truly due to the quasicrystalline long-range
order. Note that it is easy to construct a periodic crystal
made of two plaquettes with incommensurate areas. Such
a system is very different from a quasicrystal, although
it does have some source of irrationality. Other less im-
portant reasons to consider commensurate quasicrystals
are that they possess an underlying periodic crystal (see
below) and they lead to a flux-periodic Hofstadter but-
terfly. This last feature is not essential when discussing
LLs in the vicinity of zero flux.
In practice, we consider a single unit cell of a periodic
approximant2 of the quasicrystal with PBC. The zero-
field Hamiltonian is
H = −t
∑
〈i,j〉
|i〉〈j|, (1)
where the hopping amplitude between connected sites is
taken to be t = 1. A uniform magnetic field B = |∇×A|
is introduced as a Peierls phase on the hopping ampli-
tudes,
tij = t→ tij = t ei
2pi
φ0
∫ j
i
dl·A, (2)
where A is the vector potential. In all tilings, we use
units such that the shortest edge length is 1, the re-
duced Planck constant ~ = 1, and the electric charge
e = 2pi so that the flux quantum φ0 = h/e = 1. We call
f = BAp the magnetic flux per plaquette of smallest area
Ap. Due to the PBC, the total magnetic flux across the
sample BA = Nφ can only take integer values (A is the
total area of the system). For a convenient gauge choice
adapted to this problem, we refer the interested reader
to Ref. [7]. The energy spectrum is then obtained by nu-
merical diagonalization of the Hamiltonian as a function
of the allowed fluxes f .
A. Commensurate Rauzy tiling
The original Rauzy tiling introduced in Ref. [11] is a
codimension-one quasicrystal with three different plaque-
ttes and the module of its Fourier transform has rank
three. Its commensurate version (also known as the iso-
metric Rauzy tiling) [15] is obtained by modifying the
projection direction in the construction of the original
Rauzy tiling by the CP method. It contains a sin-
gle rhombic plaquette of area
√
3/2 with three possi-
ble orientations (see Fig. 1). Geometric details of this
tiling are given in Appendix C. The flux per plaquette is
f = B
√
3/2 and the allowed fluxes are f = Nφ/N , where
Nφ is an integer and N is the number of plaquettes (it is
also the number of sites). The Hofstadter butterfly has
a flux periodicity ∆f = 1 [7] (see also Refs. [15, 16]). We
reproduce it here for completeness (see Fig. 1). At small
f and close to band edges (energy near ±4.11), LL fans
separated by integer quantum Hall gaps are clearly seen.
Moreover, there are much smaller gaps in the butterfly,
e.g., near f = 1/2, that are due to the quasicrystalline
order and that do not feature a quantum Hall effect. For
a discussion of gap labeling in the Rauzy butterfly, see
Ref. [7].
2 A periodic approximant is a crystal with a large unit cell that
approximates a quasicrystal. It is usually part of a sequence of
approximants labeled by an integer k, known as the order of the
approximant, and containing an increasing number Nk of sites
in the unit cell. The quasicrystal can be seen as the k → ∞
limit of the series of approximants. For a general introduction
to periodic approximants of quasicrystals, see Ref. [14].
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FIG. 1. Top: rhombic unit cell of a periodic approximant of
the commensurate Rauzy tiling with 274 sites (black links).
Green links and gray dots refer to the underlying periodic
model discussed in Sec. IV A and Appendix C. Bottom: Hof-
stadter butterfly for the commensurate Rauzy tiling approx-
imant with 5768 sites.
B. Phason flips and random commensurate Rauzy
tiling
In the Rauzy tiling discussed above, there are sites with
three, four or five neighbors. Sites with three neighbors
can be flipped in a process known as phason flip. Pha-
son flips disorder the tiling. For a sample with N sites,
randomly flipping N2/2 sites with three neighbors leads
to a random tiling with the same stoichiometry (i.e., the
same number of plaquettes of a given orientation) as the
commensurate Rauzy tiling but without long-range or-
der. The Hofstadter butterfly for this random tiling was
obtained in Ref. [7] and is reproduced here for complete-
ness (see Fig. 2). At small f and close to the band edges,
broad LLs are visible (some of them are highlighted in
green in Fig. 2). Only the main integer quantum Hall
gaps survive the disorder process, but not the smaller
gaps present in the nondisordered Rauzy system.
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FIG. 2. Hofstadter butterfly for a random commensurate
Rauzy tiling with 5768 sites. The three first LLs as given
in Eq. (4) are highlighted in green.
C. Commensurate octagonal (Ammann-Beenker)
tiling
The octagonal (or Ammann-Beenker) [17] tiling is a
codimension-two tiling and the module of its Fourier
transform has rank four. As for the Rauzy tiling, a com-
mensurate version of the octagonal tiling (see Fig. 3)
can be obtained by modifying the projection direction
in the CP method of the original tiling. Tilings consid-
ered here have one rhombic plaquette of area 1 and two
square plaquettes of area 1 and 2 (in units of the smallest
edge length). Their construction relies on square approx-
imants introduced in Ref. [12] (see Appendix C). The flux
per smallest plaquette f = B so that the allowed fluxes
are f = Nφ/A, where A is the total area of the system.
The corresponding butterfly is shown in Fig. 3 (see also
[18]). Qualitatively, it is similar to the Rauzy butterfly,
although it differs in the details. It has all the expected
global symmetries: it is periodic in flux with ∆f = 1, has
f → −f symmetry, and particle-hole symmetry, as the
octagonal tiling is bipartite. It also features broad LLs
near band edges at small flux and has many gaps, some
of which are not related to the quantum Hall effect. Its
gap labeling is left to future work.
D. Commensurate Penrose tiling
The Penrose rhombus tiling [19] is a codimension-two
tiling (even if it is frequently obtained by projecting from
the Z5 lattice) and its Fourier transform has rank four.
As for the octagonal tiling, a commensurate version of
the Penrose tiling (see Fig. 4) can be obtained by modi-
fying the projection direction in the CP method. It has
four plaquettes of area 1/2, 3/4, 1, and 5/4 (in units of
the smallest edge length). Its construction is based on
rectangular approximants defined in Ref. [13] (see Ap-
pendix C for details). The flux per plaquette f = B/2
and the allowed fluxes are f = Nφ/(2A). The Hofstadter
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FIG. 3. Top: square unit cell of a periodic approximant of the
commensurate octagonal tiling with 239 sites (black links).
Green links and gray dots refer to the underlying periodic
model discussed in Sec. IV A and Appendix C. Bottom: Hofs-
tadter butterfly for the commensurate octagonal tiling square
approximant with 8119 sites.
butterfly is shown in Fig. 4 and has a flux periodicity
of ∆f = 2 because f = B/2. The Hofstadter butterfly
for the original Penrose tiling (i.e., with incommensurate
plaquettes) was obtained in Ref. [20].
III. NUMERICAL STUDY OF LANDAU LEVELS
We identify LLs within the Hofstadter butterfly near
band edges and at low magnetic field. A LL is a group of
Nφ = BA eigenenergies, which is almost degenerate and
well separated from other energy levels by an energy gap.
It is usual to label a LL by a non-negative integer n. In
the following, we denote by n,1 ≤ n,2 ≤ ... ≤ n,Nφ the
energies of the nth LL. See Figs. 3 and 5 for the example
of the commensurate octagonal tiling. At finite flux, a LL
broadens and gives rise to a Landau band that features
a substructure made of bands and gaps (see Fig. 5).
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FIG. 4. Top: rectangular unit cell of a periodic approxi-
mant of the commensurate Penrose tiling with 246 sites (black
links). Green links and gray dots refer to the underlying peri-
odic model discussed in Sec. IV A and Appendix C. Bottom:
Hofstadter butterfly of the commensurate Penrose tiling rect-
angular approximant with 1686 sites.
A. Effective mass
Near a band edge with a finite zero-field density of
states, one typically finds that the average energy,
〈n〉 = 1
Nφ
Nφ∑
j=1
n,j , (3)
of a LL behaves as
〈n〉 = const + 2piB
m
(
n+
1
2
)
, (4)
which allows us to extract an effective mass m. To this
aim, we focus on the lowest Landau level (LLL) n = 0,
and check that the successive LLs are separated by an
energy gap 2piB/m. We consider several approximants
(up to N ∼ 2× 105 sites) and restrict the magnetic field
in the range 10−5 ≤ B ≤ 10−3. The smallest non-zero
flux B valid on the torus is 1/A. However, the first few
fluxes (say from 1/A to 4/A) suffer from finite-size ef-
fects and do not correspond to the bulk thermodynamic
energy levels [21]. We therefore discard them. In the
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FIG. 5. Lowest Landau level (LLL, n = 0, blue dots) of
the commensurate octagonal tiling (approximant with 275807
sites) as a function of the flux per plaquette f . The green line
is a linear fit to the average energy within the LLL which
gives the slope 1/m, see Table I.
considered flux range, the LLL for the different approxi-
mants coincide, is narrow, and its average is well fitted by
a linear law (see Fig. 5 for the octagonal case). Results
for the inverse effective mass 1/m; see Table I.
Tiling 1/m 1/mα 1/m˜α 1/mρ 1/mT
Rauzy 1.957(2) 2.02 1.97 1.95(1) 1.95735(1)
Octagonal 2.95(2) 3.17 3 2.88(5) → 0
Penrose 2.40(2) 2.51 2.37 2.29(5) → 0
Phasonized Rauzy 1.96(1) 2.01 1.97 1.9(1) → 0
TABLE I. Inverse effective mass of the LLL for different
tilings. Results of the first column are obtained from the slope
of the LLL in the Hofstadter butterfly. Results of the second
and third columns are obtained from the effective zero-field
dispersion relation. Results of the fourth column are obtained
from the zero-field integrated density of states. Results of the
fifth column give the Thouless inverse effective mass as ob-
tained from the curvature of the lowest band.
B. Landau level broadening
Let us now study the way a LL broadens as a func-
tion of the magnetic field. To smoothen fluctuations, we
consider the width of a LL as defined by the standard de-
viation of all the energy states forming the Landau band
considered. Here, for simplicity, we focus on the LLL for
which the standard deviation reads:
w =
√
〈20〉 − 〈0〉2. (5)
We compute this quantity as a function of f for sev-
eral approximants with different number of sites and keep
only the part that does not vary when changing this num-
ber of sites. We typically find a field dependence that has
lo
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FIG. 6. Standard deviation w of the LLL for the commen-
surate octagonal (top), the commensurate Penrose (middle),
and the commensurate Rauzy (bottom) tilings as a func-
tion of the flux f in log− log plot. The different colors
(red, green, blue) correspond to approximants with differ-
ent number of sites: octagonal (8119, 47321, 275807), Penrose
(30254, 79206, 207364), and Rauzy (66012, 121415, 223317).
a power-law envelope fγ (see Fig. 6). The fitted exponent
γ is given in Table II.
Tiling γ
Rauzy 1.5
Octagonal 1
Penrose 0.95
Phasonized Rauzy 0.55
TABLE II. Exponent of the algebraic envelope of w(f) ∼ fγ .
The relative error obtained by varying the fitted region is
about 10%.
In the case of a random tiling, one has to average over
disorder realizations in order to obtain reliable results. In
addition to the phasonized Rauzy tiling (see Table II), we
also studied the phasonized octagonal tiling and found
γ ' 0.5. In both cases, the exponent is close to γ = 1/2,
which is the expected exponent for a non-correlated dis-
order in the continuum [3, 22]. However, phason disorder
is known to be correlated since flipping one hexagon in-
duces some constraints on its neighbors, but a complete
study is beyond the scope of the present work.
IV. EFFECTIVE MASS OF LANDAU LEVELS
The main goal of this section is to understand the
emergence of LLs in the Hofstadter butterfly as well as
their slope (effective mass). Since quasicrystals are not
periodic, Bloch’s theorem is not applicable, momentum
is not conserved, and an exact dispersion relation does
not exist. However, we argue below that in the contin-
uum limit (i.e., close to band edges and in the zero-field
limit), a quasicrystal is well approximated by an effective
6dispersion relation. In addition, when the quasicrystal
is made of commensurate plaquettes, this dispersion re-
lation can be shown to be associated to an underlying
periodic crystal (see below). One may then apply the
Onsager quantization condition on closed cyclotron or-
bits in order to obtain LLs. Below, we discuss several
ways to define an effective mass accounting for the slope
of LLs.
A. Underlying periodic crystal and effective
dispersion relation
An effective dispersion relation (k) can be defined by
(k) = 〈ψ|H(k)|ψ〉 = −
∑
〈i,j〉
eik·rijψ∗i ψj , (6)
where H(k) = e−ik·rHeik·r is the Bloch Hamiltonian
parametrized by a wave vector k, r is the position op-
erator, |ψ〉 is the ground state, and ψj = 〈j|ψ〉 the cor-
responding wave function. One can compute this dis-
persion numerically from the exact (numerical) ground
state. The idea behind this definition is to have an ansatz
eik·r|ψ〉 for the long-wavelength excitations.
As we are only interested in long-wavelength proper-
ties, a cruder approximation ˜(k) for the dispersion rela-
tion (k) may be obtained by replacing the exact ground
state |ψ〉 by a uniform state 1√
N
∑
j |j〉. The advantage
of this approach is that it allows one to have an analytical
dispersion relation,
˜(k) = −
∑
β
tβ cos(k · δβ), (7)
where δβ are all possible neighbor vectors labeled by β
(e.g., β runs from 1 to 6 in the Rauzy tiling; see Ap-
pendix C for details) and tβ is the probability to have
a link along δβ . The quantities tβ play the role of ef-
fective hopping amplitudes. The average coordination
number is z¯ =
∑
β tβ , which for a tiling made of rhombi
is z¯ = 4 so that ˜(0) = −4. The above dispersion rela-
tion is periodic in reciprocal space and corresponds to a
tight-binding model on a periodic lattice in real space.
We refer to the latter as the “underlying periodic crys-
tal” to the commensurate quasicrystal. Its construction
may be seen as a geometrical mean-field-like approxima-
tion to the commensurate quasicrystal, in which each site
is assumed to be identical (i.e., a Bravais lattice) and to
be connected to neighbors with all the hopping terms tβ
that exist in the quasicrystal.
For the commensurate Rauzy tiling, the effective dis-
persion relation (7) is that of a triangular lattice with
anisotropic nearest-neighbor hopping amplitudes (see de-
tails in Appendix C). The commensurate Rauzy tiling
and the underlying triangular lattice have all sites in com-
mon [see Fig. 1 (top)]. In contrast, for the commensurate
octagonal (Penrose) tiling, the underlying periodic crys-
tal is a square lattice with only first- and second- (only
some third- and all fourth-) nearest-neighbor hoppings.
Details are given in Appendix C. All sites of the commen-
surate octagonal (Penrose) tiling belong to the underly-
ing square lattice, but there are more sites in the square
lattice, see Fig. 3 (top) [Fig. 4 (top)]. These two com-
mensurate quasicrystals can therefore be seen as periodic
lattices with quasiperiodic vacancies.
The energy spectrum of a quasicrystal made of rhombi
is particle-hole symmetric as a result of the tight-binding
model being bipartite. In contrast, the underlying pe-
riodic crystal has a dispersion relation which does not
have this symmetry. Indeed, it only approximates the
quasicrystal close to the band bottom.
B. Effective quadratic dispersion relation
From the effective dispersion relation (k) given in
Eq. (6) in the long-wavelength limit, one obtains
(k) ' (0) + 1
2
αijkikj , (8)
which defines an effective inverse mass tensor αij . This
real symmetric tensor has two positive eigenvalues λ1 and
λ2 with λ1 ≥ λ2. This means that the effective dispersion
relation has the shape of a paraboloid hosting closed iso-
energy lines with an elliptic shape. The quantities 1/λ1
and 1/λ2 are the effective masses along the principal axes
of the ellipse. The geometric mean of the eigenvalues
gives an inverse effective mass 1mα =
√
λ1λ2 and their
ratio λ1λ2 reflects the anisotropy of the tiling. A similar
inverse effective mass tensor α˜ij can be defined from the
effective dispersion relation ˜(k) given in Eq. (7). The
results for the various inverse effective masses are given
in Table I and those for the anisotropy in Table III.
tiling λ1/λ2 λ˜1/λ˜2
Rauzy 1.48 1.40
Octagonal 1.0 1
Penrose 1.40 1.4
phasonized Rauzy 1.41 1.40
TABLE III. Anisotropy λ1/λ2 of the inverse mass tensor αij
obtained from the effective dispersion relation (k) and ˜(k)
defined in Eqs. (6) and (7), respectively.
The Rauzy tiling only has a twofold rotational symme-
try, which is retained by its commensurate version and
which leads to an anisotropic inverse effective mass tensor
(see Table III). This is reflected in the underlying periodic
model which has anisotropic hopping amplitudes (see Ap-
pendix C). Whereas the original octagonal tiling has an
eightfold rotational symmetry, its commensurate version
only retains a fourfold symmetry, resulting in an isotropic
inverse effective mass tensor (λ1/λ2 = 1). In contrast,
the original Penrose tiling has a tenfold symmetry, but its
commensurate version only retains a twofold symmetry,
7resulting in an anisotropic inverse effective mass tensor
(λ1/λ2 = 1.4). Indeed, the underlying square periodic
model has very anisotropic third-nearest-neighbor hop-
ping amplitudes (see Appendix C).
C. Unfolding of the bands of a periodic
approximant
A periodic approximant is a crystal with a large unit
cell that approximates a quasicrystal [14]. As it is a
periodic system, it is described by Bloch’s theorem and
band theory. The corresponding energy bands are usually
plotted in the first Brillouin zone (i.e., in reduced zone
scheme), but can also be represented in the extended-
zone scheme [23]. Below, we show that this unfolded
band structure for an approximant suggests the existence
of an effective dispersion relation for the quasicrystal,
which is valid in the continuum limit and close to the
ground-state energy.
In the following and for illustration, we consider the
commensurate octagonal tiling and work with a peri-
odic approximant containing N = 41 sites in a square
unit cell of area A = 50 (see Appendix C for details).
The corresponding tight-binding model is described by a
Bloch Hamiltonian H(k), whose eigenvalues b(k) define
bands, where the band index b = 1, ..., N . In the reduced
zone scheme, the eigenvalues b(k) are plotted as a func-
tion of k in the first Brillouin zone, −pi/√A < kx, ky ≤
pi/
√A. This band structure can also be unfolded by us-
ing the higher Brillouin zones of a square Bravais lattice
(extended-zone scheme). In Fig. 7, the unfolded band
structure is plotted in the energy range [−4.22,−2]. Col-
ors indicate seven bands and the corresponding Brillouin
zones. Small gaps along specific k directions are present
at the boundaries between successive Brillouin zones3.
Near the band bottom and close to k = 0, the unfolded
band structure has an envelope which is well fitted by
a paraboloid corresponding to an effective quadratic dis-
persion relation (k); see Eq. (8). A cut of the paraboloid
is plotted in Fig. 8. There is an interesting analogy with
the “nearly-free-electron model” [23]. In the latter, one
starts from free electrons described by a paraboloid and
then turns on a small periodic potential that opens gaps
at the boundaries between successive Brillouin zones,
thereby creating a band structure in the extended-zone
3 The unfolded band structure of Fig. 7 has some similarity to
Fig. 3 in Ref. [24]. In this reference, a very different approach is
used in order to construct an effective dispersion relation for a
quasicrystal. Instead of using a tight-binding model, but in the
spirit of the nearly-free-electron model, the authors start from
free electrons and then turn on a small potential corresponding to
the sites of a Penrose tiling. Bragg peaks in the Fourier transform
of the potential open gaps in the free-electron dispersion relation.
These authors define modified Brillouin zones of unequal areas
due to the most intense Bragg peaks, which are unlike the usual
Brillouin zones that we are using.
kx
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0
1
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FIG. 7. Unfolded band structure of a periodic approximant
of the commensurate octagonal tiling with 41 sites in the unit
cell. Only energies close to the ground state are shown. Colors
(gray, red, green, blue, yellow, purple, orange) indicate seven
bands and the corresponding Brillouin zones.
scheme. Here, we proceed along a reversed path: we
start from a tight-binding band structure, naturally rep-
resented in the reduced-zone scheme, and unfold it in
order to reveal a free-electron-like dispersion relation.
For comparison, in Fig. 8, we also plot a kx = 0
cut of the dispersion relation ˜(k) for the underlying
square tight-binding model [see Eq. (C6)]. This dis-
persion is defined in a much larger first Brillouin zone,
−pi < kx, ky ≤ pi, corresponding to a real-space micro-
scopic periodicity of 1, instead of the much larger peri-
odicity
√A of the periodic approximant. The dispersion
relation ˜(k) has been shifted to match the ground-state
energy of the approximant. Apart from this global shift,
there are no fitting parameters. The agreement near the
band bottom and in the continuum limit is very good,
even beyond the paraboloid region (see Fig. 8).
This unfolded band structure of a periodic approxi-
mant gives a physical meaning to the effective dispersion
relation of quasicrystals in the continuum limit and near
the band bottom. It captures an envelope and neglects
small gaps.
D. Inverse effective mass of the first band,
Thouless conductance and participation ratio
The dispersion relation b=1(k) of the first band cor-
responds to the lowest eigenvalues of the Bloch Hamil-
tonian H(k) when k varies in the first Brillouin zone,
−pi/√A < kx, ky ≤ pi/
√A. It allows one to define an
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FIG. 8. Cut at kx = 0 of the unfolded band structure of Fig. 7.
The energy is plotted as a function of ky. Colors indicate
seven bands and match those in Fig. 7. For comparison, two
dispersion relations are also plotted. The effective quadratic
dispersion relation (k) given in Eq. (8) is plotted in magenta.
The dispersion relation ˜(k) of the underlying square lattice
[see Eq. (C6)] is plotted in black. It has been shifted to match
the ground-state energy of the approximant.
effective inverse-mass tensor,
αij =
∂2b=1
∂ki∂kj
∣∣∣∣
k=0
, (9)
and a corresponding effective mass,
mT = 1/
√
λ1λ2, (10)
where λ1and λ2 are the eigenvalues of αij , (see Ref. [7] for
details). The quantity 1/mT measures the sensitivity of
the ground-state wave function (inside the unit cell of a
periodic approximant) to the phase twist in the boundary
condition as encoded by kx and ky. Its physical meaning
is therefore that of a dimensionless Thouless conductance
for this band (hence the subscript T to the mass). The
latter can be strongly influenced by the gap that opens at
the edge of the first Brillouin zone and does not reveal the
underlying periodic crystal but rather probes the local-
ization of the ground-state wave function. Another useful
way to characterize the localization of a wave function is
the scaling exponent β of the participation number (see
Appendix D for details).
Results for the four tilings are given in Table I. For
the Rauzy tiling, the ground-state wave function is ex-
tended (β = 1) and this inverse effective mass converges
to 1/mT = 1.95735(1) [7]. For the random tiling, the
inverse effective mass goes exponentially to zero when
increasing the system size, which reflects the localiza-
tion by phason disorder (β = 0) [7]. For the octagonal
tiling, the inverse effective mass goes algebraically to zero
when increasing the system size, 1/mT ' 3.05/N0.006
[18]. This is related to the critical nature of the ground-
state wave function. Indeed, the participation number
scales as Nβ with β ' 0.9877 (see Appendix D). For the
Penrose tiling, we find a very slow (nonmonotonic) de-
cay of the inverse effective mass 1/mT as a function of
the approximant size. This is expected as the participa-
tion number exponent is very close to 1 (β ' 0.999; see
Appendix D).
E. Smooth integrated density of states
Another piece of evidence for the existence of an effec-
tive dispersion relation comes from the numerically ob-
tained zero-field integrated density of states (IDOS) for
a quasicrystal, which is usually smooth near band edges.
Near the ground-state energy (0), the IDOS per unit
area can be fitted by a linear law,
N0() =
mρ
2pi
[− (0)]Θ[− (0)] (11)
expected for a 2D parabolic dispersion relation and char-
acterized by a single mass parameter mρ. This effective
mass is given in Table I for different tilings.
The effective dispersion relation (8) gives an IDOS
of the same form as (11) with the replacement
mρ → mα = 1/√α1α2. We therefore expect mα to be
close to mρ.
F. Semiclassical quantization of closed cyclotron
orbits
The fact that, close to a band edge, quasicrystals are
qualitatively described by an effective dispersion relation
with the shape of a paraboloid (see Secs. IV A and IV C)
is important since it explains the presence of classically
closed cyclotron orbits. The latter can then be quantized
via the Onsager relation [1] to give LLs as observed in the
Hofstadter butterfly. According to Onsager, the zero-
field IDOS (per unit area) N0() is quantized as follows
N0() =
(
n+
1
2
)
B, (12)
where n is a non-negative integer. Note that it is not
sufficient to have a finite N0() in order to obtain LLs.
Indeed, open cyclotron orbits are not quantized into LLs,
only closed cyclotron orbits are.
A parabolic band bottom corresponds to an IDOS of
the form given in Eq. (11). The semiclassical quantiza-
tion then gives the following LLs:
n = (0) +
2piB
mρ
(
n+
1
2
)
, (13)
which shows the relation between the slope of LLs (re-
lated to 1/m) and the IDOS effective mass mρ. There-
fore, we expect m to be close to mρ. In the end,
mα ' mρ ' m, as seen in Table I.
9V. BROADENING OF LANDAU LEVELS:
FROM PERIODIC LATTICE TO
QUASIPERIODIC TILING
The goal of this section is to understand the observed
power-law broadening fγ of LLs for quasicrystals. The
main idea is that near band edges and in the zero-field
limit, a commensurate quasicrystal can be seen as an
underlying periodic crystal plus a quasiperiodic pertur-
bation. The periodic crystal accounts for the existence
of LLs, their degeneracy, and their effective mass, as dis-
cussed in the previous section. It does also account for a
small Wilkinson-like broadening. However, in the vanish-
ing f limit, the latter is smaller than the LL broadening
due to the quasiperiodic perturbation. The mechanism
at stake is similar to that found by Rauh, except that the
perturbation has a dense set of Fourier components and
their interplay produces a nontrivial result: namely, it
transforms an exponential into a power-law broadening.
In order to analyze this phenomenon, we intro-
duce tight-binding models that interpolate between the
quasiperiodic tiling (η = 1) and the underlying peri-
odic crystal (η = 0) as a function of a parameter η
that varies some of the hopping parameters. The tight-
binding Hamiltonian is taken to be
Hη = (1− η)Hp. + ηHq., (14)
where Hp. and Hq. are the Hamiltonians for the underly-
ing periodic model and for the commensurate quasicrys-
tal model, respectively. As soon as the dimensionless
parameter η 6= 0, the system is quasiperiodic.
In the Rauzy case, the model interpolates between the
underlying anisotropic triangular lattice and the com-
mensurate Rauzy tiling. We find that as soon as η 6= 0,
the LLL broadening in the vanishing f limit is alge-
braic wp ∼ ηfγ with an exponent γ ' 1.5 [see Fig. 9
(top)]. This value of γ appears to depend weakly on
η up to η = 1. At larger flux, there is a crossover to
an exponential broadening wt ∼
√
f e−c/f [see Fig. 9
(top)], as predicted by Wilkinson for a periodic lattice.
The reason for the crossover is the following. There are
two broadening mechanisms in competition: one alge-
braic wp ∼ ηfγ due to the perturbing potential and
one exponential wt ∼
√
f e−c/f due to tunneling. At
small flux, the algebraic broadening dominates, whereas
at large flux, the exponential broadening becomes larger.
The crossover occurs when the two broadenings are of
similar magnitude. It appears that the total variance is
approximatively given by
w2 ' w2t + w2p. (15)
In the octagonal case, the model interpolates be-
tween the underlying square lattice with first- and
second-nearest neighbors and the commensurate octag-
onal tiling. Note that the size of the Hilbert space is
given by the number of sites in the underlying periodic
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FIG. 9. Width w of LLL as a function of the flux f
(log-log plot) from the Hofstadter butterfly of the periodic-
quasicrystal models [see Eq. (14)] for η = 0 (periodic lattice,
red dots), η = 10−4 (green dots), and η = 1 (commensu-
rate quasicrystalline tiling, blue dots). Top: Rauzy-triangular
model with 927 sites; middle: octagonal-square model with
1682 sites; bottom: Penrose-square model with 2436. Red
and green points overlap when −2 . log f .
crystal, which is larger than that in the commensurate
quasicrystal (see Appendix C). In the η → 1 limit, these
extra sites are weakly coupled and contribute an exten-
sive number of near-zero-energy levels. Results for the
octagonal-square model are shown in Fig. 9 (middle).
The LLL broadening at η  1 interpolates between the
power-law behavior (fγ with γ ' 1) of the octagonal
tiling (η = 1) at small f to an exponential behavior of the
square lattice (η = 0) when f becomes larger. Even for
a very small perturbation, the power-law behavior dom-
inates in the vanishing f limit and already has a similar
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exponent γ ' 1 as the η = 1 limit.
In the Penrose case, the model interpolates between
the underlying periodic crystal (a square lattice with
some third- and all fourth-nearest neighbors) and the
commensurate Penrose tiling. Results are shown in Fig. 9
(bottom) and are qualitatively similar to the octagonal-
square case.
VI. CONCLUSION
We study the LLs that emerge in tight-binding models
of quasiperiodic tilings in the limit of a weak perpen-
dicular magnetic field. We find that their existence and
their slope (i.e., inverse effective mass) can be recovered
from an effective dispersion relation valid in the contin-
uum limit. In the specific case of quasicrystals made of
commensurate plaquettes, an underlying periodic crystal
exists and its dispersion relation offers an interpretation
of the effective dispersion relation obtained in the con-
tinuum limit. The underlying periodic crystal can be
seen as a geometrical mean-field approximation to the
quasiperiodic tiling.
The nonperiodicity of the quasicrystals manifests itself
in the broadening of LLs. Indeed, in the continuum, full
translational symmetry ensures that LLs are infinitely
narrow [2]. Adding a small cosine potential, a discrete
translation symmetry remains which leads to an expo-
nential broadening of LLs, which can be understood in
perturbation theory (Rauh’s mechanism) [4]. In a peri-
odic crystal described by a tight-binding model, LLs are
still quite narrow as they feature an exponential broad-
ening due to tunneling, i.e., of nonperturbative origin
(Wilkinson’s mechanism) [6]. We have shown that in a
2D quasicrystal, in which translation symmetry is lost,
LLs broaden with a typical width that grows roughly as
a power law fγ with an exponent γ & 1. In disordered
systems, long-range configurational order is lost and LLs
become very broad with a width that grows as the square
root of the magnetic field (γ = 1/2) [3]. Note that for
the quasicrystals that we have studied, the exponent γ
is larger than its value for disordered systems. However,
we do not exclude values smaller than 1/2.
In order to disentangle effects coming from plaque-
ttes with incommensurate areas and true quasicrystalline
long-range order, in the present paper we have chosen to
focus on quasicrystals made of plaquettes with commen-
surate areas (which we call commensurate quasicrystals).
However, preliminary results indicate that the algebraic
broadening of the LL discussed in the present work also
occurs for incommensurate quasicrystals. For the three
tilings studied here, the exponent γ is found to be the
same in the commensurate and in the incommensurate
case (canonical construction), suggesting that this effect
is not related to an underlying periodic lattice.
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Appendix A: Review of Rauh’s approach: continuum
Landau level perturbed by a cosine potential
In this appendix, we review how a LL in the contin-
uum is broadened by a cosine potential using first-order
degenerate perturbation theory [4]. The main assump-
tion is to neglect Landau-level mixing.
Consider a periodic potential,
V (x, y) = V0 [cos(2pix/a) + cos(2piy/a)] , (A1)
with a single spatial frequency 1/a. We take the following
Hamiltonian:
H =
(p+ eA)2
2m
+ V (x, y), (A2)
with A = B xuy (Landau gauge) leading to a uniform
magnetic field perpendicular to the xy plane.
For V = 0, eigenstates of H in the nth LL are labeled
by the wave vector ky and read
ϕn,ky (x, y) = Nneikyye−(x−kyl
2
B)
2/(2l2B)Hn[(x−kyl2B)/lB ],
(A3)
where Nn is a normalization factor. The corresponding
eigenenergies are given by
En =
(
n+
1
2
)
~eB
m
. (A4)
In the following, we set the magnetic length
lB =
√
~/(eB) = 1. We assume a system of total
area A = Lx × Ly with PBC in both directions. As
a consequence, ky = 2pil/Ly, where l = 1, ..., Nφ is an
integer, with Nφ = A/(2pi) the degeneracy of a LL.
For 0 < |V0|  ~eBm , energy levels are obtained by
diagonalizing the total Hamiltonian H projected in the
subspace of the nth LL. For simplicity, we restrict to the
LLL (n = 0) for which the Hermite polynomialH0(x) = 1
and
N0 = 1
pi1/4
√
Ly
, (A5)
when Lx  1. In this case, one has
〈ϕ0,k′y |V |ϕ0,ky 〉 =
V0
2
e−pi/(2f)
[
δk′y−ky,2pi/a (A6)
+ δk′y−ky,−2pi/a + 2 δk′y,ky cos (kya/f)
]
,
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where f = a2/(2pil2B) = a
2/(2pi) is the dimensionless
magnetic flux per unit cell of V (x, y). Because of PBC,
the potential V (x, y) is periodic with period Lx in x and
Ly in y and its Fourier transform is discrete: it is non-
zero only for discrete values of q such that qx = 2pinx/Lx
and qy = 2piny/Ly with integer nx and ny. The energy
spectrum of the n = 0 Landau band is obtained by di-
agonalizing a Nφ × Nφ matrix, the entries of which are
given by Eq. (A7).
In Eq. (A7), one recognizes the matrix elements of a
1D Harper Hamiltonian [25] with a frequency 1/f and a
hopping amplitude V0 e
−pi/(2f)/2. If the hopping ampli-
tude is set to 1, this leads to an energy spectrum which
is the well-known Hofstadter butterfly of the square lat-
tice, but in a dual version, i.e., with f replaced by 1/f .
This energy spectrum is bounded by -4 and 4, has a zero
mean and a standard deviation of 2. The f -dependent
hopping amplitude therefore leads to an envelope for this
dual Hofstadter butterfly which is responsible for a LLL
broadening,
w = V0 e
−pi/(2f), (A7)
as found by Rauh [4].
Appendix B: Review of Wilkinson’s approach:
broadening of Landau levels by tunneling in the
Harper equation
Although the effect of a magnetic field on the energy
spectrum of an electron in a tight-binding model is gen-
uinely non-perturbative, Wilkinson found a way of study-
ing the weak-field limit by using semiclassical techniques
[6]. Consider the 1D Harper equation describing the Hof-
stadter problem in the Landau gauge [5, 25]. For the
square lattice, it reads
ψm = −ψm+1 − ψm−1 − 2ψm cos(2pifm+ ky), (B1)
with the hopping amplitude t = 1, the nearest-neighbor
distance a = 1, and the flux per unit cell f = Ba2/φ0 =
B with φ0 = 1. Wilkinson transforms it into a
Schro¨dinger-like equation with an effective 1D Hamilto-
nian as follows. Let X ≡ 2pifm+ ky and P → −i2pif∂X
be a pair of canonically conjugate variables such that
their commutator [X,P ] = i~eff with ~eff = 2pif . Equa-
tion (B1) can be rewritten as
 ψ(X) = −ψ(X + 2pif)− ψ(X − 2pif)− 2ψ(X) cosX,
= (−2 cosP − 2 cosX)ψ(X), (B2)
thanks to e±iPψ(X) = ψ(X±2pif) with ψ(X) = ψm. We
therefore obtain the following Wilkinson Hamiltonian:
H(X,P ) = −2 cosP − 2 cosX. (B3)
It is a 1D Hamiltonian in the continuum and with an
unusual kinetic energy −2 cosP and a potential energy
−2 cosX. The semiclassical limit ~eff → 0 corresponds
to the weak-field limit. Note that the zero-field limit
corresponds to a classical model written in X,P phase
space with Poisson bracket {X,P} = 1.
Starting from the classical limit, the first level of ap-
proximation consists in using Bohr-Sommerfeld quan-
tization to study the Wilkinson Hamiltonian. This
leads to isolated LLs near the minima of each po-
tential well of −2 cosX. Indeed, near a minimum,
H ' −4 +X2 + P 2, the surface enclosed by an iso-
energy curve H =  is S() =
∮
H=
dX P = pi( + 4).
The Bohr-Sommerfeld relation S() = 2pi~eff(n + 1/2)
gives n = −4 + 4pif(n+ 1/2). At fixed index n, these
LLs are degenerate (there is one such state per well in
phase space). At this level of approximation, there is no
broadening.
A finite width of the LLs appears at the next order of
approximation, when one introduces quantum tunneling,
also known as magnetic breakdown, between neighboring
wells of the potential −2 cosX. The WKB approxima-
tion gives the following tunneling amplitude [26]:
tn =
~eff
|S′(n)|e
− 1~eff
∫ 2pi−Xn
Xn
dXImP (X)
, (B4)
where H(Xn, P ) = n, which gives Xn '
√
4pif(n+ 1/2)
and Im P (X) = argcosh(− n2 − cosX). For the LLL
(n = 0), computing the integral numerically, we find that
t0 ' 7.5
√
f e−4β(2)/(pif), (B5)
where β(2) ' 0.915965 is the Catalan constant.
The physical picture is that LLs localized near the min-
imum of each well in phase space form a 2D square lattice
and are coupled between neighboring wells by a hopping
amplitude t0. The bandwidth of such a square tight-
binding model in phase space is 8t0 and the correspond-
ing standard deviation is w = 2t0.
The next level of approximation, which is not needed
for our purpose but which we mention for completeness,
is that the hopping amplitudes between LLs are actually
complex numbers, i.e., they carry phases. This means
that the square tight-binding model in phase space is
actually in an effective magnetic field. The corresponding
phase that is accumulated around a square plaquette in
phase space is found to be proportional to 1/f . This
results in the emergence of a dual Hofstadter butterfly
within the broadened Landau band. This process then
continues and leads to the self-similar structure of the
Hofstadter butterfly, as understood by Wilkinson [6].
The above result should be compared to that found by
Rauh [4] starting from continuum LLs (see Appendix A).
Rauh finds that the width of the LLL is given by
Eq. (A7). There are two main differences. First, the
numerical coefficient in the exponential is different: pi/2
versus 4β(2)/pi. Second, the preexponential power-law
behavior differs: f0 versus f1/2. Numerical calculations
on the Hofstadter butterfly unambiguously show that
Wilkinson’s result is correct. The difficulty with Rauh’s
calculation is that it is performed in the continuum and
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therefore assumes that the perturbing potential varies on
a large scale compared to the lattice spacing.
Appendix C: Geometric details for the periodic
approximants of commensurate quasicrystals and
their underlying periodic lattice
In this appendix, we give geometrical details of the con-
struction of periodic approximants to the commensurate
quasicrystals studied. They are obtained by the standard
CP method [8–10]. The selection (or cut) procedure is
the same for the commensurate quasicrystals as for the
original quasicrystals. However, the projection direction
is modified such that the ratios of the plaquette areas are
rational numbers.
We also give the tight-binding model of the underlying
periodic crystals and the corresponding dispersion rela-
tion.
In the following and for all tilings, we take the shortest
edge length to have unit length.
1. Commensurate Rauzy tiling and underlying
triangular lattice
The original Rauzy tiling and its rhombic approxi-
mants obtained by a CP method from 3D to 2D are
described in Ref. [11]. Its commensurate version (also
known as the isometric Rauzy tiling) is obtained by modi-
fying the projection direction [15]. Edges in the Z3 lattice
— as represented by three canonical basis vectors — are
transformed into edges in the tiling plane R2 as follows:
(1, 0, 0)→ (1, 0) = δ1 = −δ4,
(0, 1, 0)→ (−1/2,
√
3/2) = δ3 = −δ6,
(0, 0, 1)→ (−1/2,−
√
3/2) = δ5 = −δ2. (C1)
Selected points in the cubic lattice have integer coor-
dinates (p, q, r) which are transformed into coordinates
(p−q/2−r/2, q√3/2−r√3/2) in the tiling plane thanks
to the above rule. Note that in the commensurate qua-
sicrystal tiling, all edges have the same length. For the
kth approximant, the number of sites is N = Rk+1, where
Rk is a Rauzy number defined by
Rk = Rk−1 +Rk−2 +Rk−3, (C2)
with R2 = 2, R1 = 1, R0 = 1. The ratio Rk/Rk−1 tends
to the Tribonacci constant ρ ' 1.83929 when k →∞.
In the commensurate Rauzy tiling, there is a single
rhombic plaquette of area Ap =
√
3/2 with three pos-
sible orientations (see Fig. 1). The total area is simply
A = Rk+1
√
3/2.
The underlying triangular lattice has basis vectors
a1 = (1/2,
√
3/2) and a2 = (−1/2,
√
3/2) and nearest-
neighbor vectors δβ with β = 1, ..., 6 as given in Eq. (C1).
These six hopping directions are indicated as green links
in Fig. 1 (top). The anisotropic hopping amplitudes are
t1 = t4 = 1− ρ−1, t2 = t5 = 1− ρ−2, t3 = t6 = 1− ρ−3.
The dispersion relation of the underlying triangular tight-
binding model given in Eq. (7) becomes:
˜(k) = −(1− ρ−1) cos kx − (1− ρ−2) cos kx +
√
3ky√
2
− (1− ρ−3) cos kx −
√
3ky√
2
. (C3)
2. Commensurate octagonal tiling and underlying
square lattice
The original octagonal tiling is described in Ref. [17]
and its square approximants obtained by a CP method
from 4D to 2D are defined in Ref. [12]. Here, we con-
sider the same selection procedure in the Z4 lattice and
a modified projection direction that gives three plaque-
ttes of commensurate area: a rhombus of area 1 and two
squares of area 1 and 2 (see Fig. 3). Edges in the Z4
lattice are transformed into edges in the tiling plane R2
as follows:
(1, 0, 0, 0)→ (
√
2, 0) = δ1 = −δ5,
(0, 1, 0, 0)→ (0,
√
2) = δ3 = −δ7,
(0, 0, 1, 0)→ (1/
√
2, 1/
√
2) = δ2 = −δ6,
(0, 0, 0, 1)→ (−1/
√
2, 1/
√
2) = δ4 = −δ8. (C4)
Note that, in this deformed tiling, there are both links
of length 1 (δβ with even β) and of length
√
2 (δβ with
odd β). For the kth square approximant of the octagonal
tiling, the number of sites is N = O2k+1 + O2k and the
vectors of the unit cell are A1 = (
√
2Ok+1, 0) and A2 =
(0,
√
2Ok+1), where Ok are Pell (or octonacci) numbers
obeying
Ok = 2Ok−1 +Ok−2, (C5)
with O2 = 2 and O1 = 1. The ratio Ok/Ok−1 tends
to the silver mean 1 +
√
2 when k → ∞. The to-
tal area is A = 2O2k+1 and the average area per site
A/N → (1 +√2)/2 in the thermodynamic limit.
The underlying periodic structure is a square lattice
with basis vectors a1 = (1, 1)/
√
2 and a2 = (−1, 1)/
√
2
and hopping along δβ with β = 1, ..., 8 as given in
Eq. (C4). For even β, it corresponds to nearest neighbors,
while for odd β, it corresponds to next-nearest neighbors.
These eight hopping directions are indicated as green
links in Fig. 3 (top). All hopping amplitudes tβ = 1/2 are
equal due to the eightfold symmetry of the original oc-
tagonal tiling. The dispersion relation of the underlying
square tight-binding model [see Eq. (7)] is:
˜(k) = −1
2
[
cos
kx + ky√
2
+ cos
kx − ky√
2
+ cos(kx
√
2) + cos(ky
√
2)
]
. (C6)
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All sites of the commensurate octagonal tiling belong to
the square lattice, but there are (1 +
√
2)/2 times more
sites in the square lattice (see Fig. 3). This number is the
ratio between the average area per site in the octagonal
tiling, A/N , and that in the square lattice, |a1||a2| = 1.
3. Commensurate Penrose tiling and underlying
square lattice
The original Penrose tiling is defined in Ref. [19] and
its rectangular (Taylor) approximants obtained by the
CP method from 5D to 2D are described in Ref. [13].
Here, we consider the same selection procedure in the
Z5 lattice and modify the projection direction such as
to obtain four plaquettes of commensurate areas: three
rhombi of area 1/2, 3/4, and 1 and a square of area 5/4;
see Fig. 4. Edges in the Z5 lattice are transformed into
edges in the tiling plane R2 as follows:
(1, 0, 0, 0, 0)→ (1, 0) = δ1 = −δ6,
(0, 1, 0, 0, 0)→ (1/2, 1) = δ3 = −δ8,
(0, 0, 1, 0, 0)→ (−1, 1/2) = δ5 = −δ10,
(0, 0, 0, 1, 0)→ (−1,−1/2) = δ7 = −δ2,
(0, 0, 0, 0, 1)→ (1/2,−1) = δ9 = −δ4. (C7)
Note that there are both links of length 1 (δβ with β =
1, 6) and of length
√
5/2 (β = 2, 3, 4, 5, 7, 8, 9, 10). For
the kth approximant of the Penrose tiling, the number
of sites is N = fk+3, the vectors of the unit cell are
A1 = (Fk+3, 0) and A2 = (0, Fk+3), and the total area is
A = Fk+3Fk+3, where Fk, fk, and Fk obey the Fibonacci
recursion relation
Fk = Fk−1 + Fk−2, (C8)
but with different initial conditions (f2 = 22, f1 = 14;
F2 = 2, F1 = 1; and F2 = 3, F1 = 1). The Fk are
the canonical Fibonacci numbers and the ratio Fk/Fk−1
tends to the golden mean (1 +
√
5)/2 when k →∞. The
average area per site is A/N → 1/2 + 1/√5 in the ther-
modynamic limit.
The underlying periodic structure is a square lattice
with basis vectors a1 = (1/2, 0) and a2 = (0, 1/2) and
hopping along δβ (with β = 1, ..., 10) as given in Eq. (C7).
The ten hopping directions are indicated as green links
in Fig. 4 (top). They correspond to only some of the
third neighbors (β = 1, 6) and all of the fourth neighbors
(β = 2, 3, 4, 5, 7, 8, 9, 10). The hopping amplitudes are
all equal tβ = 2/5 due to the tenfold symmetry of the
original Penrose tiling. The dispersion relation of the
underlying square tight-binding model [see Eq. (7)] is:
˜(k) = −2
5
[
cos kx + cos
2kx + ky
2
+ cos
kx + 2ky
2
+ cos
kx − 2ky
2
+ cos
2kx − ky
2
]
. (C9)
All sites of the commensurate Penrose tiling belong to the
square lattice, but there are 2+4/
√
5 times more sites in
the square lattice (see Fig. 4). This number is the ratio
between the average area per site in the Penrose tiling,
A/N , and that in the square lattice |a1||a2| = 1/4.
Appendix D: Scaling of the participation number for
the zero-field groundstate of 2D quasicrystals
A useful way to characterize the localization of a state
|ψ〉 = ∑j ψj |j〉 (which we take to be normalized) is
through the scaling of the participation number P , i.e.,
the number of sites supporting the wave function and
defined by [27]
P =
1∑N
j=1 |ψj |4
, (D1)
where N is the total number of sites. When N → ∞,
P behaves as Nβ , where β = 1 for an extended wave
function, β = 0 for a localized wave function, and 0 <
β < 1 for a critical wave function. For example, in 2D,
a wave function with a long-distance power-law decay
1/|r − r0|α has β = 0 if α ≥ 1, β = 1 if α ≤ 1/2, and
0 < β = 2(1− α) < 1 if 1/2 < α < 1.
For the Rauzy tiling, the zero-field ground-state wave
function is numerically found to have a scaling exponent
that converges to β = 1 when increasing the approxi-
mant size. More precisely, we find β = 0.99999995(1)
by studying approximants with up to N = 223 317 sites.
This is the behavior of an extended wave function.
For the Penrose tiling, we find that β = 0.998(2), by
studying approximants with up to N = 1 421 294 sites.
For the octagonal tiling, we find that β = 0.98774(2), by
studying approximants with up to N = 1 607 521 sites.
As β < 1, these examples correspond to critical wave
functions.
These results agree with an analytical expression for
the scaling exponent β [28] that can be derived from the
Sutherland-Kalugin-Katz expression for the ground-state
wave function of certain 2D quasicrystals [29? ]. Suther-
land gives an exact expression for the scaling exponent
in the case of the Penrose tiling as [30]
β = α(2κ)− α(4κ)/2, (D2)
with
α(κ) =
ln
[
coshκ+ 52 +
√
(coshκ+ 72 )(coshκ+
3
2 )
]
− κ
ln2 τ
,
(D3)
where the golden mean τ = (1 +
√
5)/2 is the inflation
factor of the tiling and κ is a scaling factor for the wave
function [note that in Eq. (42) of Ref. [30] giving the func-
tion α(κ), there is a misplaced parenthesis]. The scaling
factor κ is related to λ = e2κ defined in Ref. [29], where
it was numerically found that λ = 1.07500(1) for the
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ground-state wave function of the Penrose tiling. When
plugged in (D2) and (D3), this gives β = 0.9991897(2),
in agreement with the above numerical result.
The scaling exponent β is called d2(ψ) in Ref. [28] and
given by
β = ln
(
ω(2κ)2
ω(4κ)
)
/ lnω(0), (D4)
in terms of a function ω(κ) that depends on the tiling.
For the Penrose tiling, one has
ω(κ) =
b(κ) +
√
b(κ)2 − 4e2κ
2
, (D5)
with b(κ) = e2κ + 5eκ + 1 [28], which exactly matches
Sutherland’s result [30].
The same expression (D4) holds for the octagonal tiling
but with
ω(κ) =
a(κ) +
√
a(κ)2 − e2κ
eκ
, (D6)
where a(κ) = 4e2κ+9eκ+4 [28]. Using the scaling factor
λ = e2κ = 1.358076(2) [29], one gets β = 0.9877533(1),
in agreement with the above numerical result.
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